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We introduce a new family P, ; of spline minimization problems for vector fields,
defined by

~

Min af IV div V;;%fxf{ij IV rot V|2 dx dy
Paﬁ 2 ®

2

Ve and WV(X)=V, i=1, .. N,

where V= (u, v) is a two component vector function, .2 is the Beppo Levi space
D LR yx D CLYR?), X, = (x;. y,) are the interpolation points, and ¥, = {u;, v,)
are data values. A coupling between V' components is achieved by the divergence
{div) and rotational (rot) operators. z, f§ are fixed real positive constants controlling
the relative weight on the gradient of the divergence and rotational ficlds. The
explicit control on divergence and rotational operators is well suited for geophysical
fluid flow interpolations; it allows us to cope with the great differences frequently
observed in the magnitudes of the divergent and rotational parts of the flow.
Through the general spline formalism, existence and uniquencss of the solution is
proved. The analytical solution is explicitly calculated and numerical examples are
presented. For a (and §) -0, “limi(” problems are defined and their analytical
solutions are given. € 1991 Academic Press, Ine.

1. INTRODUCTION

In meteorology, interpolation methods are essential for the restitution of
physical ficlds from obscrved data. generally irregularly located in space
and time. The fields, produced by meteorological analysis, are used as
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initial value fields for numerical weather prediction models and for
diagnostic purposes.

In horizontal wind field analysis, derived divergence (div V'=0,u+0d,v)
and vorticity (also called rotational; rot V'=20,v—06,u) fields are of prime
importance. For example, the horizontal divergence field allows the
diagnosis of vertical velocity (not measured by operational meteorological
observing systems); also, potential-kinetic energy conversion is controlled
by the divergence field.

In this context, vector field interpolation introduces some specific
problems. The simplest approach is to treat the two components separately.
The result, as pointed out by many authors (cf. Daley [4, 5], Pedder
[15]), shows that the lack of intercomponent correlation often generates
unrealistic fluctuations in the derived divergence and rotational fields. This
observation suggests the use of a smoothing operator applied on these
fields; in this way, ¥ components are intrinsically linked. Moreover, an a
prioric scale analysis of the equations of motion reveals that the divergence
and rotational fields are generally not of the same order of magnitude: for
example, in synoptic midlatitude processes, we have |div V|/|rot V]| ~
Ro~0.1 (Ro is the Rossby number, Ro= U/fL; U is the velocity scale,
U ~ 10 m/s; f is the Coriolis parameter, f~ 10~* s~!; L is the length scale,
L ~ 10%n; cf. Haltiner and Williams [11], Chap. 3). In fact, a divergence—
rotational control is intended to fit this information.

At present, statistical regression methods (i.e., minimum variance linear
estimates, called optimal interpolation: cf. Eliassen [9], Gandin [10],
Daley [4, 5]) are currently used in meteorological analysis. For wind inter-
polations, multivariate formulations are used, in which intercomponent
correlations are explicitly considered; the control on divergence—rotational
fields is achieved by a statistical hypothesis on the correlation functions
modelling the velocity potential y and the stream function i associated to
V (V=Vy+Roty; cf. Section 7.2).

The solution we present here is formulated in the variational spline for-
malism and extends, in some aspects, the thin-plate spline introduced by
Duchon (cf. [8]). It gives a spline functional equivalence to the statistical
approach. A similar approach to vector interpolation, showing an
intercomponent coupling, has recently been formulated by Atteia and
Benbourhim (cf. [1]).

In the next section, we present the minimization problem leading to the
vector spline. The solution of this problem depends on two positive
parameters, « and f. The particular case of uncoupled (u, v) is obtained for
a=f3, for which the problem splits into a couple of thin-plate spline
problems, one for each of the components.

In the third section, existence and uniqueness of the solution is estab-
lished.
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The fourth section gives the analytical expression of the vector spline.

The fifth section discusses the so-called limit problems, obtained for
a/f — 0 {or ). A natural decomposition of the Hilbert space & follows.

Some numerical examples are presented in the sixth section.

In the last section, we briefly discuss the problem of optimal values of the
parameters o and f; the statistical approach leading to the same vector
leading to the same vector interpolation is outlined in terms of vector
Kriging.

2. THE MINIMIZATION PROBLEM

Let D 2L*R*) = {ue 2'(R*)/D'ue L*(R?), |y| =2}, the Beppo-Levi
space of order 2; @'(R?) is the space of distributions in R* and 2(R?)
(or @) the test function space.

In the Hilbert space D ?L? we consider the scalar product
(wlu)y=37_, u(X)uw(X;)+ ((u|u')), where ((u|u')) is the semi-scalar
product defined by ((u|u'))=3, -2 [re D'uD"’ dx dy, u,u' € D~>L’, and
X,=(x;, y;), i=1,2,3, are three non-aligned points. We denote by & the
set of polynomials defined on R? of total degree less than or equal to 1.

A fundamental result on Beppo—Levi space is given by

PROPOSITION 2.1. D + P, is dense in D~ *L2,

Proof. Consider ue D 2L? orthogonal to the space 9 + #,; we have

3
@)=Y uX)'(X)+ ¥ jzmumu' dx dy =0, 2.1)
i=1 lpi=2"R

V'e D+ 7. If we take ujed verifying uj(X,)=0,, i,j=1,2,3 (5, is
the Kronecker symbol), Eq. (2.1) shows that u(X,) = 0. Consider then u' =
peP; Eq. (2.1) gives X1, - [ w2 D'uD@ dx dy =0 and [ 4%u ¢ dx dy =0,
by distribution - derivatives definition. Since ¢ is any element of &, this
implies that 4%u= 0. The tempered distribution # is then polyharmonic and
we conclude that u is a polynomial {cf. Schwartz [16]). Observing that the
polynomials of D~2L? are elements of %, and using the equalities u(X,) =0,
i=1,2,3, we obtain u=0. This completes the proof.

We deduce
ProrosiTION 2.2.
ngz 0% udivdxdy= JRZ 02,u 0% v dx dy,

Yu,ve D2L2, Va,b,c,de {x, y}.
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Proof. By a double integration by parts, the equality is true for # and
ve 9. Proposition 2.1 implies the result.

Let =D 2L (R?>)x D 2L*(R?), V=(u,v)eZ and «, B two positive
constants.

We define the functional J, 3: & — R,

T (V) =a fRZ IV div V)% dx dy + B ij IV rot V|2 dx dy,

where
[V div V||?2= (8, div V)*+ (0, div V)2,
|V rot V||> = (0, rot V) + (8, rot V).

We adopt the notations D(V, V') for the semi-scalar product
[z (Vdiv V-V div V) dx dy and R(V, V') for [ (Vrot V-V rot V') dx dy;
the quadratic form D(V, V) will be denoted D(V) and R(V, V), R(V); (-)
is the usual euclidean scalar product in R? and || | the associated norm.

PROPOSITION 2.3. For each V=(u,v) and V' =(u',v')e X,

DV, V') + RV, V') = ((u]u))+ ((v]")).

Proof. From Proposition22, the terms (g 0,,u 0,0 dx dy,
(e 0yv0uu dxdy, (po,ud,vdxdy, and [pd,vé,u dxdy of
D(V, V') cancel each other out with corresponding terms of R(V, V).

Proposition 2.3 implies that

JouV)=alD(V)+ R(V) ] =al((u]u)) + ((v]v))].

Let X,=(x,, »,), i=1,.., N, a set 6f N distinct points in R? containing
three non-aligned points, and V,= (u;, v;), N given couples in R
We define the minimization problem P, g:

MinJa’ﬂ(V)
“Pl\vexr and V(X)=V,

Remark 1. 1In fact, the solution of P,; only depends on the ratio
p=uo/p. '

Remark 2. 1f a=p, Proposition2.3 shows that P, splits into two
separate problems, one for each of the components:

P {Min((ulu))
“lueD2L? and u(X,)=u;
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and

P {Min((v|v))
"lveDL? and  o(X)=uv,

which solutions are thin-plate splines. If « # f, a coupling between u and v
is introduced.

Remark 3. The choice of J, ,; follows naturally from Proposition 2.3.
The weights o, § (x+# f) are intended to control the relative magnitude of
D(V) and R(V).

Remark 4. The formal decomposition of the vector field V into rota-
tional and divergent parts from a velocity potential y and a stream function
Y (which is known, in fluid mechanics, as the Cauchy-Helmholtz
Theorem) asserts

{uzﬁxx—ayxp
v=0,1+0

(in vector notation, V=Vy+Roty, Vy=(0,x 0d,x), Roty =
(—0,¥, 8,¥)). Note that y and y are solutions of the Poisson equations
Ay =div ¥V and Ay =rot V. It is possible to define a minimization problem

for (x, ¥),
Min ocj VA |2 dx dy + f VA2 dx dy
R2 RZ

LYeDL*  and  Vy(X,)+Roty(X,)=V,
x0)=0,  ¥(0)=0,

from which u, v are deduced by differentiation.

The order of the Beppo-Levi space (D >L?) is raised to 3 in order
to define continuous functionals in the equalities constraints. The
coupling between u and v is now introduced by the measurement
constraints Vy(X,) + Rot y(X;) = V.. The indeterminacy of constants on y
and ¥ is fixed by arbitrary values (x(0) =0 and ¢(0)=0).

However, the couples (y, y)e D >L*x DL? that are solutions of this
minimization problem are not unique: the condition (y, ¥)e# x %,
V(X)) +Roty(X,)=0, i=1,.., N, and x(0)=0, ¥(0)=0=>y=0 and
=0 (% is the set of polynomials defined on R? of degree?2) is not
satisfied (cf. general spline theorem condition, cf. Laurent [12]). If 4y is
replaced by div V' and 4y by rot V' in the functional above, and if the
constraints are expressed on V (V(X,)=V)), we get the problem P, ;.
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3. EXISTENCE AND UNIQUENESS OF THE SOLUTION OF P, g

Consider the spaces & (defined above), % = (L*(R?))*, Z = R*", and the
linear applications T: & — % and A: ¥ — % defined by

T(Vy=(0,divV,0,divV, 0,10t V, 0, 10t V),
A(V)y= (u(X ), -, u(Xy), v(X1), ..., (X y)).
& is equipped with the scalar product
Vil V) = (uy[uz) + (v ] 0),

and % with the scalar product
@[ (erestfifa)dedy+B | (g ga+hha)dxdy,
R2 2

where (e;, f1, g1, 1)) €W, (es, [5, &2, h2) €W, and o, B are fixed positive
constants. & is equipped with the usual cuclidean scalar product.
We can now state the main proposition.

PrOPOSITION 3.1.  The linear applications T and A verify:

(a) T and A are continuous,
(b) KerT=%x2,
(c) Ker TnKer A= {0},
(d) A is surjective,
(e) Im T is closed.
Proof. (a) From the definitions of the norms in the spaces & and %

and Proposition 2.3, 7 is clearly continuous. Continuity of 4 follows from
the continuous embedding D ~?L?c %° (Sobolev-type lemma; cf. Necas

[147).
(b) Proposition 2.3 shows that

Jog(V)=0=>02 u=0, 92 u=0, d;u=0

and 0%,0=0, 02 v=0, 92,v=0, which gives the result.
(c) Results from the hypothesis on the points X; and (b).
(d) Let the classical function fx(|| X)) &2 be defined by

exp(l)exp(— E—z_i“ﬁ) if [[X]<R
SrUIXT) = (R>0).
0 otherwise
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Since the points X, i=1, .., N, are distinct, we can take R,, i=1, .., N,
such that the open balls B(X, R;) are disjoint. The functions
fi(X)=fr,(IX=X,|) verify fi{(X;) =0, i, j=1, .., N. We define

N N

W)=Y wfix) and o)=Y 0.fX)

i=1 i=1

The function V(X) = (u(X), v(X)) is an element of 4" and satisfies the inter-
polation conditions V(X;)=V,.

() Let (e,f,g,h)e® and (V,) be a sequence in & such that
Lim T(V,) = (e, f, g, h). T(V,) is a Cauchy sequence in %. Proposition 2.3
shows that (02,u,), (8%,u,), (O5,u,), (0%,v,), (8%,0,), (0%,v,) are aiso
Cauchy sequences in L? and therefore converge.

Let , m, n and I', m', n' € L? such that

{Lim(aixun) = Lim(@,u,)=m  Lim@u,)=n

: . . 30
Lim(é2,v,) =1, Lim(32,v,)=m, Lim(9?,v,)=n'. (

Since the compatibility conditions (62,/=07 m, ..) are satisfied, we may
conclude (cf. Schwartz [16, p. 597, and Benbourhim [2]) that there exist
u and ve D 2L? such that

2, _ 2 2,
{8”14—[, o u=m, d,,u=n

2 . 2 Y 2 5
oz v=1, oL, v=m, 0,,v=n.

(3.2)

But Lim(02 u,+0%,v,) = e = 32 u + 0,v = e, LIm(32 u, + 0},v,) =
f= 6%14 + 020 = f,Lim(@2,0, — 2 u,) = g =00 — d%u = g and
Lim(2y 0, =8, u0) =h=> 05,0 Ou=h This shows thal (e, 5.F)
elmT.

Proposition 3.1 implies the theorem:

THEOREM 3.2. (a) The problem P, (with fixed o, f>0) admits a
unique solution V, 5 in Z.

(b) V,p€Z such that V, ((X;)=V, is the solution of P, ; if and only
if there exist a;, b;e R, i=1, .., N, such that

oDV 5, V') + BR(V 5, V')
N N
=Y au'(X)+ Y bv'(X), VYV =@, v)ed. {3.3)
i=1 i=1
The coefficients a;, b;, i=1, .., N, are unique.

Proof. (a) and (b) result from Proposition 3.1 and general spline
theorems (cf. Laurent [127).
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4. EXPRESSION OF THE SOLUTION V, 4

PROPOSITION 4.1. For Ve X, the following properties are equivalent:

(1) V verifies the equality

aD(V, V') + BR(V, V') = i au'(X,) + i (X))  YVeZ.  (4.1)
i=1 i=1

(2) V verifies the system

N
Aed, div V=B, rot V)= 3 a; 8y

=t 4.2)
Aad, div V+ 3, rot V)=3 b6y

i=1

in the distribution space (éy, is the Dirac distribution at point X,) and the
coefficients a;, b;, i=1, ..., N, satisfy the orthogonality conditions

z

N
Y ap(X)= 3} bip(X)=0, Vped. (4.3)
i=1 i=1
Proof. By taking V'=(¢,0) and V' =(0, ¢), Vpe P in Eq. (4.1), and
using the definition of distribution derivatives, we deduce the system (4.2).
With V'=(p,0) and V'=(0, p), Vpe &, we deduce (4.3). Conversely,
Eqgs. (4.2) and (4.3)=Eq.(4.1)foreach V'e2x P and V'e % x #. Using
Proposition 2.1 (density of & + #,) and the continuous dependence on V'
in the equality (4.1), we deduce the result.

Note that, for &= f, we get the system

NN
N
=
Il
8
S
X

R
R

NNy
N
<

biaX,-a

R
Q

Rl R|m=

M= Mz

fl

issued from a couple of Duchon’s spline problems.

PrOPOSITION 4.2. The solution VyeXZ of the homogeneous system
associated to Eqs. (4.2) are the polynomials P x P,.

Proof. A solution V, of the homogeneous system associated to (4.2)
verifies aD(Vy, V')+BR(Vy, V')=0, VV' €2 x 2. Since this equality is
also verified with V' e & x &, we deduce, by density (Proposition 2.1), that
it is true for each V' e %. By taking V' =V, we deduce the result.
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Consider K(X)=0 | X]||*log | X]] with XeR? and 8 a real constant
(8= —1/2"n); K is a fundamental solution of the operator 43, ie., 4°K =4
{J is the Dirac distribution at the origin).

Let u be a compact support measure orthogonal to 4, ie.,

f pdu=0, Vpe .
RZ

Lemma 4.3, For any compaci support measure u orthogonal to &,
D'(u+ Kye D 2L?, for each |y| =2.

Proof. We want to show that D7(ux K)el? for each |y|=4, or
equivalently, show that the Fourier transform of this function is an

element of L> Following Schwartz (cf. [16]), we get D’( ;ﬂ\[() =
EREN T Fp(1/|[E16) + 1,4%5), where &= (&), E,) is the Fourier space
variable, t, and 1, are two real constants, and Fp is the finite part of the
distribution. It is easy to see that &7fi(£)4%6=0 for |y| =3 (cf Duchon
[8]). Now, in the unit ball B(0, 1), the inequality |A(&)| <x, |E]|* (x, is a
positive constant) is verified because p is orthogonal to Z,; we get the
estimate [E72(E)/)1E)° <k /i€]|*~" and hence, the integral converges for
[v|>3. In the complement of B(0, 1), the equality |4(&)| <k, (x, is a
positive constant) is verified because the Fourier transform of a bounded
measure is a bounded function; we get the estimate |Z7A(E}/|<E)°<
o/ |E]°~ 1, and the integral converges for |y| < 5. This completes the proof.

It is now possible to state

TueoreM 4.4.  The solution V, ;= (u, g, v, 3) of the problem P, ; admits
a unique expression of the form

wus1= ¥ a1 KO X) 4 KO- X))
i=1
Moo
b (=—=)02 K(X— X))+ p(X
+i§I x<a [)’) = K( )+ p(X)
i o1y,
v p(X) =2 a (;—‘B> O K(X—X))
i=1

+ 3 b, G a7, K(X — X))+ % 22 K(X — X,-)> +g(X);

a;,b;eR, i=1,.., N, are given by the equality (3.3), and p(X), ¢(X)e A,
P X)=ci+ec,x+e3y, gq(X)=d,+d,x+dyy.

=1

640/67/1-5
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The coefficients are obtained by sofving the (2N+6)x (2N+6) linear
System
1 1 _N/a c u
(o)) (0)=(0)

I a ==
£ (h) o
with the 2N x 2N matrices

2((aixK(Xi—Ag)) (@ipK(Xi-X,-)J)
PO\ KX - X)) (05, KX — X))

and

[ @KX X)) (& K(X o
K“‘(< KX -X) (LK ))’

and the 2N x 6 matrix

1 x ¥
Do 0
1 .
P In Vw
L x, »
0 :
I xy ¥n
[11 cl
: 2
a a ; ¢
( b> stands for h]: , (;) for d? . and
: ds
bN d3
(421
Sk
) 171
Uy

P’ is the transpose of P.
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Proof. V, verifies the system (4.2) with a;, b, i=1, .., N, given by

N
Theorem 3.2. By taking the Fourier transform V, ; of V', ; (% is contained
in the space of tempered distributions), we get the system

(a3 + BE3) ((a—ﬁ)aéz))(@(é,,éz))
(a—B)E L) (aE3+BED) J\TLHEL, &)

(é%+é§)(
Z xp(—2im(X,-&))
21)4 AL D, )
The solution of the system is

~ 1
€)= iy 2 z exp(—2jm(X; )

O
et

oot = 2 enp =280 (a5 5) P e
(i e )

The inverse Fourier transform of (i, ; ity g, Dy 5) after the polynomial part is
removed (cf. Schwartz [16]), gives V= (ug, vg) of the form

N 1
uK(X'):Z:1 a; <& 0% K(X— X)+ﬁ ny(X X))
+§:b<1 1>6ZK(X X;)
S0\ B
N 1y,
UK(X)ZE‘I a, &—B 05, K(X— X))
+§b 162 K(X— X)+1@2 K(xX-X
= i o vy 6 xx i) .
It is easy to check that this function satisfies Eqs. (4.2). Since Eq. (4.3) is
verified by the coefficients a;, b;, i=1,.., N, Lemma 4.3, implies that
VeeXZ.

Suppose now that V, ;— Vi verifies the homogeneous system associated
with Egs.(4.2). From Proposition 4.2, we see that V, ;— Ve # x &, and
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we deduce for V, 4z the expression of Theorem 4.4. The uniqueness of the
expression of V, , follows from Theorem 3.2.

The linear system verified by (a, b, c,d) is obtained by taking the
successive equalities

ua,ﬂ(Xi) =Uu;
Ua,ﬁ(Xi) =0

from interpolation constraints (2N first lines of the system) and

8
=
[
e
R
=
[
e

M=
8
[
L

—

b,

H

Il
A
>

ot
I
L

b;y:=0,

M= M=
™Mz M=

—

I M=

i=1 1

1

obtained from Eq. (4.3) (six last lines of the system).
The existence and uniqueness of the expression of V, ; shows that the
system is invertible. This completes the proof.

Using the notations of Theorem 4.4, we state

PROPOSITION 4.5. The solution V,p of the problem P, verifies the

equalities
1 t 1 t
o oS 5
1 7
o) 20 =5(;) Ko (5)

© R(Vup) =7 (Z) Kz (Z)

where (§) is the solution of the linear system given by Theorem 4.4 (or equiv-
alently, given by Egq. (3.3)).

Proof. (a) By taking V'=V, ;in Eq. (3.3) and using the expression of
V. s given by Theorem 4.4, the result follows.

(b) Let Vp=(up,vp) defined by

1 N N
uD(X)=&<Z aiaixK(X_Xi)+ Z biaiyK(X’_Xi)>
i=1 i=1

N

UD(X)=i<Z a0, K(X—X,) + i b,8> K(XWX,.))

yy
=1 i=1
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By taking V'=V¥, in EBq.(33) and observing that D(V,, Vp)=
D(V ., 5, Viyp)=D(V, ) and that R(V, z, V) =0, we get the result.

{c) The proof is the same, using Vg = (ug, vy ) defined by

1
(X =~
N

UR(X)=%(W S 0 KX—X)+ 3 b,-afcxK(Xin))

f=1 =1

(i 4,02 K(X — X;) — z 5,37, K(X — X}}

js= i i

From equalities (b) and (c), it becomes possible to calculate effectively
the quantities D(V, ) and R(V, ;); thus, by modifying the ratio p=a/f
and using the monotonicity properties of D(¥,) and R(V ) (cf. remarks of
Proposition 5.3.1, Section 5.3), we get a control on the ratio D(V,)/R(V,}.

PROPOSITION 4.6,  The matrices ({1/a)Kp + (1/B)Kg), Ky, and Ky are
positive definite on the subspace {(§)/P'($)=0}.

Proof. Let any (§) such that P’({}=0 (a,, b, i=1, .., N, verify Eq.4.3).
Consider Vi, g€ Z of the form

N

uDJ(R(X):Zai(l K(X— X)+é"§yK(X X))

N 11
+ X bi(—5) L KE-X)

P

Up+r(X) = Z (17)62 K(X—X)

+ Z b, ( 2 KX —X)+- 82 K(X«Xi)\).

B

Vi, satisfies Eqgs. (4.2) and comsequently by taking V'=1V,, 4 in
Eq.(4.1), we get

ameHﬁR(VMR)%(Z)lKD (Z) ;(:byKR (5}

This shows that the matrix (1/a)Kp+ (1/8) Ky is positive. Suppose now

that

1/a\ a\ 17a\ /a

- — { . 1=0

(6) % (5) 5 (5) % (5)
From the above equality, we deduce that Vi, x=(p, q), p, g %,. Again,
Eq. (4.2) implies that 3" | a,0,,=0and 3. , ,6,,=0. By using f{X)e P
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defined as in Proposition 3.1(d), we deduce that ¢;=5,=0, i=1, .., N. The
matrix (1/2)Kp+ (1/8)Kg is therefore positive definite in the subspace
(QVP()=0].

To show the same for the matrix K, we consider Vpe% defined as
in Proposition 4.5(b) (Vp,r=Vp+ Vr). By using again Eq. (4.1} (true
for Vp,g) with V'=V, and observing that D(Vp g, Vp)=
D(Vp, Vp)=D(Vp) and R(Vp.g, Vp)=0, we get D(Vp)=(1/?)
(8)'Kp(g) and therefore K, is positive. Suppose now that (7)'Kp(7)=0.
This implies that D(Vp)=0 and from R(V)=0, we conclude that
Vo=(p,q), p,qe . With the use of the property of K(X), we obtain
the equality A*div(Vp)=X" a0, y,+2 5,0} =0, where &, is
the derivative of the Dirac distribution along x at point X; and J) 4, the
derivative along y.

To show that a,=b,=0, i=1, .., N, we construct a family of functions

f(X)€ D such that Vf,(X,)=(a;, b,) and VF,(X;)=0, j#i: let fo(||X]) be
defined as in Proposition 3.1(d) and f;= X, +t,(a;, b;), t;,eR. R; and AT,
i=1,.., N, are taken such that the open balls B(A”T, R;) are disjoint and
X,e B(X,, R,), with X, #X,. It is easy to verify that f, (| X — X)) satisfy the
equality Vfg (| X;— )7,-” Y=k;(a;, b;) (k; constant #0); the functions Z(X) =

(1/k;) fx,(1X — X||) satisfy the above property.
For the matrix Kg, the proof is similar.

5. LiMmiT PROBLEMS (p — 0 and p > +o0)

Following the Remark 1 in Section 2, we consider J,(V)=pD(V)+ R(V)
instead of J, 5. We want to show that the solution ¥, of the problem P,
admits two limits as p —» 0 and p — + c0.

Consider the problems

{MinD(V)
*VeZ, R(V)=0 and V(X,)=V,

and

p {MinR(V)
T\ Ve, D(V)=0 and V(X,)=V,

We show that P, and P, admit unique solutions denoted by ¥V, and
Vi, respectively, and Lim, o V,=V,, Lim,_, ., V,=V_.
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5.1. Existence and Uniqueness of the Solution of Py {(and P, .}

We define the subspace ¥, = {VeZ/R(V)=0} of . From Proposi-
tion 2.3, we see that the semi-scalar product D(V, V') is continuous for the
norm | {4 (|| Il4 is the norm of & associated with (| >); the quadratic

form D(V) is then continuous and %, is a closed subset of Z. Therefore,
% is a Hilbert space for the scalar product { | ).

We define the spaces % = (L*(R?))?, & =R*", and the linear applica-
tions 7T- @;ﬁ@ and A:Z,>% by T(V)=(0,divV, d,div V) and
AWV) = (u(Xy), oy (X ), 0(Xy), oy 0(X ). ¥ is equipped with the scalar
product {g: (ejex+fy fo)dxdy, (e, f1)e¥, (e, [,)€¥; ¥ is equipped
with the usual euclidean scalar product.

We state the theorem relative to problem P,

THEOREM 5.1.1. (a) The problem P, admits a unique solution V., in i’"; .
(b) Voe &y such that Vo(X,)=V, is the solution of P if and only if
there exist a;, b;eR, i=1, .., N, such that
N

D(Vo.V)=Y au'(X)+ i bv'(Xy), (5.1)

i=1 i=1

YV =(u, v')eéﬁ”:,. The coefficients a;, b;, i=1, .., N, are unique.

Proof. The points (a), (b), and (c) of Proposition 3.1 are easily verified.
The main differences come from point (d) and (e).

(d) A_is surjective: As for Proposition 4.6, we construct a family of
functions f(X)e@ such that V£, (X,)=(u,, »,) and Vf(X) 0, j#i The
function V(X)=3Y] Vfi(X ) is an element of & and satisfies R(V) =0 and
ViX)=V,i=1,.,N.

() ImT is closed Consider a sequence (V,) in %, such that
Lim T(V,)= (e, f), (e, f)e%. From Proposition2.3, we observe that
[((u!u))-i»((vlv))]— IT(V)|2, for each VeZy. Thus 62 u 0% u,, 07 u

XX n’

and 02 v, , @2,v, are Cauchy sequences in L? and therefore converge
We deduce the ex1stence of Lmyn, I''mnel? and u,ved verifying
Egs. (3.1) and (3.2). But R(V,)=0, Vn, 1mphcs that 02 v, — 0%, u,— 0 and

02,0, — 2 u, —0. This shows that (u, v)eZpand (e, /)elm T.
From these properties and general spline theorems, we deduce the result.

For the problem P _., we get a symmetric result; let us define
Z={VeZ/D(V)=0}.
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THeoreM 5.1.2. (a) The problem P . admits a unique solution V
in &.

b)) V. €% such that V,(X;)=V; is the solution of P, if and
only if there exist a;, b,eR, i=1, .., N, such that

N N
RV o, V)= 3 au'(X)+ ), b0'(X)) (52)
i=1 i

i=1

VV'= (', v')e #y. The coefficients a;, b, i=1, .., N, are unique.

5.2. Expression of the Solutions Vyand V

THEOREM 5.2.1. The solution Vo= (ugy, vy} of the problem P, admits a
unique expression of the form

N

N
ug(X) = 3, a,0%, K(X~X,)+ ), 0,05, K(X~X,)+p(X)
i=1 i1
N

N
vo(X)= Y @02, K(X-X,)+ Y b,8,,K(X — X} +q(X),
i=1 =1

with a;, b,eR, i=1,., N, given by Eq. (5.1) and p(X), ¢(X)e,

pX)=c;+eyx+e3y, q(X)=d;+dyx+dyy.
The coefficients are obtained by solving the (2N+6)x (2N +6) linear

() ()=()
P! (Z) —0.

Proof. By taking V'=Ve¢, oc 2 in the equality (5.1) and observing
that R(¥')=0, we get
N N
AdivVo=Y a6, yx,+ Y, b6} x,. (5.3)
i=1

i=1

From the property of K(X), it is easy to verify that Vo= (up, vp), defined
by
N » . N
uD(X) = z aiaixK(X“ X,) -+ z btaiyK(X_ X,)
i=1 i=1
N

vp(X)= 3 @05, K(X— X))+ ]XV: b;0

Y xy
i=1 i=

: K(X_Xz)a

¥
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satisfies  (5.3). Thus V,— ¥V satisfies the homogeneous system
A% div(Vy— V) =0 associated to (5.3). Using the same arguments as for
Proposition 2.1, we deduce that div(V,— V) is a constant. This implies
that D(V,— V) =0, and since R(Vy,—Vy)=0, we get Vo=V5+(p, g},
p.ge?,. The uniqueness of this expression is guaranteed by
Theorem 5.1.1(b). The linear system is deduced in the same way as for
Theorem 4.4,

For P, the theorem gives a solution ¥, =(u ., v, ) of the form

U, J(X)= i ;0% K(X—X,)— Z b, 02 K(X — X} + p(X)

i=1

txy i xxK(X X)+Q(X)

v, (X)=— IZ a0 K(X—X,)+ Z b,

with the associated linear system

£ e
(5

53. Limit of ¥,

In the scalar product ( | ) of &, we consider that the three non-aligned
points X, X,, X5 (cf. Section 2) are elements of the set of interpolation
points; it follows that V (X,)=V,, i=1,2,3, Vpe [0, + 0]

We state some immediate properties of the functions p— D(V,) and
p—= RV,

PROPOSITION 5.3.1.  The solutions V, of the problems P, verify

(a) Lim D(V,)=0.

P + o0

(b) Lim R(V,)=0.

() D(V,)<D(Vy), Vpel0, +wo].

(d) R(V)<R(V,.). Vpe[0, +awol.
3
(&) WV,lz= Z VAX)I>+D(V,)+ R(V,)

HVII +D(Vo)+R(V,o)  Vpe[0, +0].

u' M w u'
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Proof. The optimality of V, implies that J,(V,)<pD(V,) and
J,(V,)<R(V ). The results follow.

For the same reasons, we note that for p, p’€ ]0, + o[, the inequal-
ities J(V,)<J,(V,) and J (V,)<J(V,) give (p—p')D(V,)<
(p—=p")D(V,) and (1/p—1/p")R(V,)<(1/p—1/p")R(V ). Thus p<p'=
D(V,)=D(V,) and R(V,)<R(V ,); ie, D(V,) is a decreasing function of
p and R(V,) an increasing function.

Tueorem 5.3.2. Lim,_ ,V,=V, and Lim,_ ., V,=V, ., in the
space Z.

Proof. The proof is given for p — 0.
Let (p,) be any sequence such that Lim,_, ,  p,=0. From Proposi-
tion 5.3.1(e), |V, 4 is bounded. Thus, there is a subsequence of (p,),

denoted (p,), such that V, — 70 weakly. The weak convergence implies
that the continuous linear forms u(X;) and v(X,) verify u,=u, (X,) - d5(X))

and v,=v,(X;) > Vo(X,). Therefore IZ(X,-)= V,, i=1,.,N. But, from
Proposition 5.3.1(b) and (c) and continuity of D(V) and R(¥V), we deduce

that 0< R(V,)<Lim inf R(V,)=0 and D(V,)<Lim inf D(V,,) < D(Vy).

By uniqueness of the solution of P, this implies that ¥, = V. Using again
Proposition 5.3.1(b) and (c), we get Limsup |V, |5 <X’ IV/*+
D(Vy)=|Vo|%- This inequality and the weak convergence ¥V, — ¥V,
implies that ¥, — ¥, for the norm | ||, of 2 (cf. Brezis [3]). By the same
way, we can show that every convergent subsequence of (¥, ) converges
necessarily to Vy; consequently Lim, V', = V.

For p — + oo, the proof is similar.

5.4. Decomposition of the Space I

The limit problems P, and P have introduced the closed subspaces
of ¥, In={VeZ/R(V)=0} and L= {VeZ/D(V)=0}. Proposi-

tion 2.3 shows that Zp L % and &%z ={0} in the subspace
Z.={VeZ/V(X,)=0, i=1,2,3}. We define the subspaces %=
(Ved/V(X)=0, i=1,2,3 and R(V)=0} and Zx={VeZ/V(X,)=0,
i=1,2,3 and D(V)=0}.

Fic. 1. Wind fields for a=0 (a), a=0.1 (b), «=0.9 (c), and a=1 (d). The winds are
shown by arrows; the scale magnitude is indicated in the lower right-hand corner: the arrow
represent a maginitude of 10 m s~—%.
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Prorosition 5.4.1. The Hilbert space X is the direct orthogonal sum of
(P, Xp, and Xy.

Proof. 1t is easy to see that # is the direct orthogonal sum of (#)* and
H#y (cf. Benbourhim [2]) and that #, L #y, #p 0 #x = {0} (Proposi-
tion 2.3). We show now that #y = #, ® Hy, ie., H = H3 in the space
Hy. Let Ve s#, such that V|V’ >=0, VV' e #,. We choose V' e #p of
the form Vg + (p, q), o€ 2 and p, g &, such that p{X,)= —J,¢(X,) and
g(X))=—0,0(X;), i=1,2,3, so that V'(X;)=0 and V" & #y. We derive
the equality (g (VdivV -VdivV')dxdy={,p(Vdivy -Vdp)dxdy=
{2 (47 div V)@ dx dy =0, which shows that 4*div V=0 since ¢ is any
element of 9. With the same arguments as in Proposition 2.1, we deduce
that div ¥ is a constant and therefore D(V)=0. This concludes the proof.

This space decomposition shows that J, 4(V)=« 1Ps(M% +
BIIPR(2, where Pn:# — #;, and Pg: # — #y are the projection
operators. Hence, the functional is the norm of a weighted sum of the #,,
and #%R components of V.

6. NUMERICAL EXAMPLE

We have programmed and tested the method by interpolating real wind
data obtained from an operational meteorological observing system. This
example is intended to show the variations of the vector field and of the
derived divergence and rotational fields along with the parameters o, § {in
this case, we consider «+ f=1). See Figs. 1--3.

The data are 10-m wind measurements (horizontal wind) at 24 station
locations, observed the 5th of March 1990, 00 GMT. The considered region
is from 43°N-46°N, 2°E-6°E (southeast France). The cartesian coor-
dinates of the station locations are obtained through a stereographic
projection; the tangent plane on which the interpolation is done intersects
the sphere at 44°30'N, 4°E in the center of the domain. Station locations
are noted by a cross (+) and latitude-longitude circles by dashed lines
(1° apart}. The solid line near the bottom side of the pictures represent the
coastal line. In the upper right-hand corner is indicated the value of the
parameter «.

For a=0 (P, problem), the variations of the divergence field are
maximum, while the rotational field is constant (~1.3107°s!). The
converse happens for a=1 (§=0, P, problem): the divergence field is
constant (=17 107757 ') and the variations of the divergence ficld are
maximum. However, this example, as a result of the use of ground data,
does not present a marked tendency for rotational or divergent behaviour.
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Fic. 2. Divergence field derived from the wind field for a=0.1 (2a) corresponding to
Fig. 1(b}, a =0.5 (b); «= § = 0.5; uncoupled wind components); and « =0.9 (c), corresponding
to Fig. 1{c). Contours are spaced at 5 x 10~ %~ and are labeled in units of 10~ in (a) and
107% ! in (b) and (c). Negative contours are indicated by dashed lines.

7. CoNCLUDING COMMENTS

7.1. Optimal Values of the Parameters o and B

For a fixed set of data values, an “optimal” value of the parameter p
(p=a/B) has to be selected. In the event that an a priori estimate of the
ratio D(V)/R(V) {cf. Introduction, Section 1) is available, we obtain the
solution by solving iteratively the equation D(V,)/R(V,)=p’ (p' >0 fixed):
since D(V,)/R(V,) is a continuous decreasing function of p and
Lim, _ o(D(V,)/R(V,))= +oc, Lim,_ , (D(V,)/R(V,))=0, we get a
unique solution for each fixed value p’ > 0.

However, in the general case, a more intrinsic approach for the deter-
mination of this parameter is desirable. Without going deeper into the
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a VECTOR SPLINE - R@TATIBNAL FIELD 10
[ =T =~

Fi16. 3. Rotational field derived from the wind field for the same values of « as in Fig, 2.:
a=0.1 (a), a=0.5 (b), and a=09 (c). Contours are labeled in units of 10 %! in (a} and
(b), and 10~°s~! in (c). Other details as in Fig. 2.

discussion of this problem, we can briefly show how the parameters « and
B can be interpreted in a statistical sense. This is the purpose of the next
sub-section. Another approach is given by Generalized Cross Validation
(GCV) (cf. Wahba and Wendelberger [18] and Utreras [17]), originally
introduced for the estimate of smoothing parameters. Some numerical
experiments, carried out from analytic data, tend to show its ability to
determine the parameter p.

7.2. Relation to the Statistical Interpolation Procedure
(Minimum Variance Linear Estimate)

We first recall the theory for a scalar field @#(X), X e R%

We suppose that &(X) is a stochastic process with zero mean value
(E[®(X)] =0, VXeR?) and with covariance function c¢(X, Y)=
E[®(X)D(Y)], X, YeR? & is then called a stationary process.



b VECT@R SPLINE - RETATIGNAL FIELD

3]

AL FIEL

i
fa

CTER SPLINE —

¢ Ve

RATATIBN

¥ig. 3—Continued

75

840/67/1-6



76 AMODEI AND BENBOURHIM

For a fixed XeR? we consider the minimum variance linear estimate
®.(X) of &H(X), from given values H(X,), i=1,.,N (the data).
S.(X)=YN  A;P(X;), and 1,eR are obtained from the minimization
problem

N
M;nE[@(X)— » /Ii@(X,-))Z}

i=1
A; are given by
Ay c(X, X,)
Cl=ct :
An o(X, Xy)

]

where C is the N x N covariance matrix, C= (c(X}, X})).

For a vector field V(X)= (u(X), v(X)), the minimum variance linear
estimate V. (X) of V(X) from given values V(X;)= (u(X)),v(X))),
i=1,.,N,is

u(X)= JZV: Au(X;)+ % piv(X7) and

vc(X) = Z 'uu(Xz) + Z u;v(Xi)a

i=1 i=1

with 4, u such that Min, , E[((X)— XN, Lu(X)—>Y | p;0(X,))*] and
A, ' such that Min,. , E[(0(X) -2, Aju(X;)) =27 pjo(X;))*]. A and p
are given by

)“1 Cuu(X:r Xl)

'IN _ (Cuu Cuv) ! Cuu(X7 XN)
h Cvu Cuv Cuu(X’ Xl)

Hn cuv(X’ XN)
and A, u’ are given by
A ol X, X1)

2‘}\’ _ (Cuu Cuv) -1 Cvu(Xa XN)
- cvv(Xa Xl)

:u;\’ va(/‘,: XN)
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Where Cuu = (Cuu(Xh X;))a Cuv = (Cuu{Xib X}))a Cr)u C;v’ and Cw
(c,(X;, X;)) are NxN covariance matrices (c,,(X, ¥Y)= E[u(X)u( i,
colX, V)= E[u(X)o(Y)], cu(X, Y)=E[u(X)u(Y}], and c,(X,Y)
E[o(X)u(Y)]).

In order to control the divergent and rotational part of the vector field,
these covariances are generally deduced from the covariances of y and ¥
{we recall the equality ¥ =Vy + Rot ¥; cf. Section 2, Remark 4).

If now y, ¥ are zero-mean stationary stochastic processes, independent
(E[x(X)¥(Y)] =0, VX, Ye R?), and with covariance functions defined by

E[x(X))(Y)]= A, c(X = Y)
EYXY(Y)]=4,c(X - T),

Ays Ay € R, e(X)=c(—X), and if y, Y are supposed sufficiently regular, we
can derive the following relations for (x, v}:

E[u(X)u(Y)] = 4,0, c(X— ¥) + 4,0, (X — 1)
E[o(X)o(Y)] = 4,02, c(X — V) + 4,02 (X~ ¥) (7.2)
E[u(X)o(Y)] = E[u(Y)o(X)] = (3, — A,)0%, (X — Y).

e !l

I

(7.1}

Formally, we can identify the vector spline V, ; with the minimum
variance linear estimate obtained with » and v defined by the covariances
(7.2) and with 1, =1/a, 4, =1/, and c(X)=K(X). In fact, the identifica-
tion may be stated rigorously if the stochastic processes y, ¥ are not con-
sidered stationary but, following the terminology of Kriging (cf. Matheron
[137], Dubrule [6, 7]), supposed to have stationary increments of order 2
and variograms of the form (7.1). The deduced u, v processes have station-
ary increments of order 1 and variograms given by (7.2). The details of this
point will be developed in a future work.

7.3. EXTENSIONS

7.3.1. Smoothing Spline

In the same way as for all spline functions, we can introduce a smooth-
ing problem: For fixed A, «, f >0, we define

Min(AJ, (V) + Y V(X)) — V|2

i=1
VeX.

From the above theory, the unique solution of this problem is easily
deduced.
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7.3.2. Three Dimensional Vector Spline

A three dimensional vector interpolation using div and rot operators (rot
is now a vector operator) can be formulated in the same way. Denoting
V(X) = (u(X), v(X), w(X)), X=(x, y,z), divV=0,u+0,0+0,w, and

(rot V), o,w—20,v
rot V=| (rot V), |=| d,u—0,w |,
(rot V), 0,v—0,u

the functional takes the form

Tugups V)= [ IV div VI dx dy de

+ B, [ IV(rot V)| dr dy dz

R3

+B, jﬂ} IV(rot V), | dx dy dz

+h. IVt V)L dx dy d,

where V is the three dimensional nabla operator, || || the usual euclidean
norm of R? and o, B, B,, B, positive constants. For a=pf,=f,=8,, we
get the same result as in Proposition 2.3, J,,,.(V)=a[((ulu))+
((v]v))+ ((w|w))], and in this case the interpolation is applied separately
to the three components (here (( | )) is the three dimensional version of
the semi-scalar product introduced in Section 2).
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